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Abstract

The temperature dependence of the Debye temperature 8,(7) was applied to analyze the
lattice thermal conductivity of Si between 2 and 300 K. The analysis of experimental data in
terms of the Dubey model of the twe modes of conduction has been carried --ut by combining
the relaxation time for phonon—phonon scattering, point defect scattering and boundary scat-
tering. The relative importance of the contribution of each mode was examined by estimating
their percentage contribution to the phonon conductivity. Agreement between theory and ex-
periment is achieved over the whole temperature range of study. :
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ntroduction

In general, the measurement of the lattice thermal conductivity in a solid is a
complex problem and has recently attracted considerable attention. Formulas ex-
tended to span temperatures from the boundary scattering regime to the Debye
temperature often require adjustable parameters that do not necessarily pos-
sesses direct physical significance. Phonon-phonon scattering processes have
been widely investigated by several authors [1-10] in terms of simple expres-
sions of the three phonon scattering relaxation rates. These expressions indicate
that the Debye temperature 6 is an important factor in the estimation of the three
phonon scattering relaxation rates. Using these scattering relaxation rates, sev-
eral researchers [11-16] have calculated the phonon conductivity for different
samples, but due to complications, none of them have considered the contribu-
tion of the temperature dependent Debye temperature to the lattice thermal con-
ductivity integral.

Previous measurements [17, 18] on different samples having different values
of Debye temperature 6p have shown a significant effect of Debye temperature
on the lattice thermal conductivity, However, in these studies the effect of the
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variation in the Debye temperature 8p with temperature on the lattice thermal
conductivity was not considered. In their attempts to analyze experimental data
available for the lattice thermal conductivity of Si, Dubey and Verma [19] stated
that in the low temperature range where boundary scattering of phonons domi-
nates over other phenon scattermg processes, the lattice thermal conductivity
should be proportional to 65 K]emens [2] has also found that the lattice thermal
conductivity is proportional to 05T Considering the contributions of three pho-
non normal and umklapp processes, the effects of the variation of Debye tem-
perature with temperature on the three phonon scattering relaxation rate and on
the lattice thermal conductivity of Ge, have been studied by the author [20] in the
framework of the Dubey model [10]. Recently, Awad and Shargi [21] have stud-
ied the effect of the variation in the Debye temperature with temperature on the
lattice thermal conductivity of Si in the framework of the SDV maodel [7]. They
pointed out that at high temperatures, the percentage change in lattice thermal
conductivity is small, while at 40 K it is as high as 75%. They have also expected
that the discrepancy between the theoretical and experimental phonon conduc-
tivity of Si [19] can be modified by using the temperature dependent Debye tem-
perature 8p(T).

The temperature dependence of the thermal conductivity of Si has been ex-
perimentally and theoretically investigated by several workers [22-25]. It was
Holland [22] who made the first attempt to interpret the lattice thermal conduc-
tivity of Si by proposing the two-mode conduction theory of phonons. As a mat-
ter of fact, he used only one process in his calculation in one conductivity inte-
gral. Joshi and Verma [8] tried to explain their measurement results by incorpo-
rating the contribution of three phonon normal processes only. They assumed an
empirical relationship between the phonon frequency and the phonon wave vec-
tor to calculate the phase and group velocity, and they observed that the four pho-
non processes play an important role at high temperatures. Previously, Dubey
and Verma [19] measured the lattice thermal conductivity of Sitrying to propose
their expression by considering the contribution of the three phonon umklapp
processes only, but they found near the conductivity maxima (20<7<60 K) some
discrepancies between the predicted and observed values.

The present investigation is a continuation of earlier studies, its major pur-
pose, for the first time, is to elucidate the nature of lattice thermal conductivity of
Si within the temperature range 2-300 K, using the temperature dependent De-
bye temperature 85(7). The basis of this investigation the two-mode conduction
proposed by Dubey [10]. This also enables us to study the contribution of both
transverse and longitudinal phonons to the lattice thermal conductivity of Si.

Guthrie [3, 6] stated that phonon—phonon scattering events occur in two dif-
ferent ways: class I events in which the phonon is annihilated by combination
and class LI events in which annihilation takes place by splitting. Guthrie’s clas-
sification leads to the participation of the transverse phonons in class T events
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only, whereas the longitudinal phonons participate in both class I and class I1
events.

Considering Guthrie’s classification, Dubey [10] proposed an expression for
the three phonon scattering relaxation rate as

-1 ~8/0T T
Tapn,1 = (Brng+ Bruge o e M (D

for transverse phonons, and for longitudinal phonons it takes the following form:

-1 —BjeT, 2 BT, 2 T
Tipht = (Buna+ Brue o e T e By g + Buyg e ¥y ™ (2)

Here By and By, are the scattering strengths of the three phonon normal and
umklum, processes respectively, 8 is the Debye temperature of the sample and o
is a constant. The values of the temperature exponents m(7T) can be calculated
from the following relationships [7]:

Xmax In{1 + 0/ct
MT) = e 1 0,5 K + o+ O/T) (3)
e "1 InT

for class I events and

0.5X ay €0 e L In(1+6/07)

mi{Ty=0.5+
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(4)

for class Il events, Where X =li0ma/Ks T and Oy is the phonen frequency at the
boundary of the Brllloum zone, In the present study the modified dispersion re-
lation k=(twv)(1 + ro’} of Verma et al. [7] is utilized, where r is the dispersion
correction constant,

If the spherical symmetry of the Brillouin zone is taken into account, the lat-
tice thermal conductivity can be expressed as the sum of two contributions as:

v

=Kr+Ki, ()

where Kt and Ky are the contributions arising from the transverse and tongitudi-
nal phonons respectively, and can be given by

el‘fl-" 93/1"
Kr =~ [re1F(0AX + = [10 F(R)dx 6)
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Bﬂ 94fr
KL jn LFCOAX + 2 j 1o LF(X)dX (7)
ot
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where C=(Ky/3n)(KsT/H), 8:=hw/Ks, FXO=X"e (- D 1+RXHH1+3RXD),
Ri:ri(KBT/?i)l, Kp is the Boltzmann constant, 7 is the Planck constant divided by
2, the v's are the velocities of the corresponding modes, the 8’s are the tempera-
tures relating to the Brillouin zone boundary (for more details, see [10, 13]), Tt
and 7. are the combined scattering relaxation time of the transverse and longi-
tudinal phonons, respectively and can be written as

1 1 1 1 1

=—+—- +— (8)
Te, T TR Tpr  TaphT  Taph

1 1 1 ]
—tr—+ +
Tl Tm ‘Ep; Taph.l T4ph

AphLl.

A

(9)

where T, ’c;f and 'cZ;l,h are the scattering relaxation rates of the boundary [26],
point defect [27] and four phonon [28, 29] processes respectively, and can be
given by

=—, L Aetand—-= A

1 L Tpt T4ph
where L is the Casimir length, 4 and By are the scattering strengths of the respec-
tive processes.

The experimental data of the lattice thermal conductivity of Si are taken from
the report of Glassbrenner and Slack [23]. The variations in 8p with temperature
are taken from the earlier report of Flubacher et al. [30]. The dispersion constant
of Si was calculated with the help of the dispersion curve of Brockhouse [31].

Following the earlier work of the author [13-15], the strength of the different
scattering processes were adjusted. The constants and the parameters used in the
present analysis are listed in Table 1. By estimating the separate contributions of
K and Kp with the help of (6) and (7), the lattice thermal conductivities of Si
were calculated between 2 and 300 K. The results obtained are shown in Fig. 1.
Figure 2 illustrates the plot of the percentage contributions of traryverse and lon-
gitudinal phonons to the total lattice thermal conductivity.

The variation of the temperature exponent m(T) with the temperature can be
studied with the help of Table 2. The percentage contributions of the three pho-
non N- and U-processes to s, have also been studied for both modes of phonon
and are illustrated in Table 3. The percentage contributions of ’cgll)h,T, Taphy {class I
+class II), 'r:E,',h,L (class T) and "cgf,h,L (class IT) to the combined scattering relaxation
rate of the respective modes 1t and 1;} have been calculated for 0 = (. and are
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Table 1 Values of parameters and constants used for calculating theoretical curves

Parameter Unit Value
0, K 180
0, K 210
6, K 350
6, K 570
o, - 1.3
V) cms ! 5.86-10°
VI cms”! 2.0-10°
Vi ems’t 8.48-10°
Via cms! 4.24.10°
7 s 6.39-107%*
r s 1.934.1077
73 s 0
r, s? 5.588-107
Tor s 2.610°
T st 3.0-10°
A s’ 2,110
; . deg™ 3.8107°
By, deg™ 2.0107
By sdeg™ 3.0107%
B, sdeg™ 5.0-107%
- s deg™ 1.0-107%
By sdeg™ 50107
Byr sdeg” 1.7.107%
By, s deg™ 40107

listed in Table 4. With the help of these Figures and Tables, one can draw the fol-
lowing conclusions:

1. Figure 1 reveals that an excellent fit to the experimental data, as shown by
the continuous line, is also obiained near the conductivity maxima in which re-
gion Dubey and Verma [19] did not observe good agreement. This Figure indi-
cates that the model used in the present study gives a very good response to the
experimental data and in order to analyze the phonon conductivity of Si, one
should take into account the use of the temperature dependent Debye tempera-
ture On(7} instead of taking it as a constant.
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Fig. 2 Percentage contributions of K and K to the total lattice thermal conductivity as a
function of the temperature

2. A better demonstration is provided by the data for Si (Fig. 2) which clearly
illustrate two opposite trends. At very low temperatures, the temperature depend-
ent lattice thermal conductivity is mainly governed by the boundary and point
defect scattering. Accordingly the ratio %Kv/%K\. depends upon the ratio of
2(n 15 /vrTe ) which indicates that the percentage contributions of longitudinal
and transverse phonons to the total lattice thermal conductivity of Siare approxi-
mately in the ratio of 1:3. At the same time at a little higher temperature (10 K),

%K begins to decrease while the opposite tendency is observed for %K and it
is very clear that just above 30 K, %K begins to increase again. In fact, whithin

J. Therm. Anal. Cal., 55, 1999



AWAD: LATTICE THERMAL CONDUCTIVITY OF SILICON 193

the temperature range 25-45K, the percentage contribution of longitudinal pho-
nons exceeds the percentage contribution of transverse phonons. The basic rea-
son for this kind of behaviour undoubtedly resides in the role of point defect scat-
tering [7], which is in accordance with the prediction of Sherma et al. [7] for Ge,
Dubey and Verma [19] for Si, Awad and Dubey [13] for Mg,Ge and Mg,Si and
Awad [14] for InSb. It should also be noted that at high temperatures %Ky is
much greater than %K. This Figure also shows that most of the heat is trans-
ported by the transverse phonon alone.

Table 2 Valucs of the temperature exponent m(T) for transverse phonons class [ events (T,
longitudinal phonons class I events (m_{T)) and longitudinal phonons class Il events

(my (1D
TiK me(7) my (1) g (7
4.0 3.0 1.0
4.0 3.0 1.0
4.0 3.0 1.0
4.0 3.0 1.0
10 4.0 3.0 1.0
20 4.0 3.0 1.0
30 4.0 3.0 1.0
40 3.275 3.0 1.0
50 27107 30 1.0
60 2.346 3.0 1.0
70 2.108 3.0 1.0
80 1.631] 3.0 1.0
90 1.805 3.0 1.0
100 1.708 3.0 1.0
150 1.445 2.274 1.0
200 1.325 1.834 1.0
300 1.256 1,485 1.0

3. From the data in Table 2, one can see that at low temperatures are the tem-
perature exponents for transverse and longitudinal phonons m,(7) reduced to 4
and 3, respectively, moreover, at low temperatures, the factor ¢ 7! js negligibly
small. As a result, T3 shows w7 dependence for transverse phonons and w7
dependence for longitudinal ones. At high temperatures, both m(7) and ¢ ™" re-
duce to unity which yield a @Te™T dependence of T3nn fOI transverse phonons
and ©'Te ' dependence for longitudinal phonons. However, it would be in-
structive to note that at high temperatures, the phonon conductivity is propor-
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tional to 1/T for both polarizations. It is worth noting that the same proportional-
ity of T3, has been observed by Herring [1].

Table 3 The percentage contributions of T}Il,h‘N and T;}I,h‘u to T;;Im for transverse and longitudinal

phonons
T Transverse phonons Long. phonons class (I) Long. phonons class (II)
K %T;;,,N %T;:uh,U %T;;h.N %T;g:h‘U %T;;m.m %T;;h‘u
2 100 0 100 0 100 0
4 100 0 100 0 100 0
6 100 0 100 0 100 0
8 100 0 100 0 100 0
10 100 0 100 0 100 0
20 99.99 10107 99.99 1.0-107 99.99 1.0-107?
30 81.49 18.51 99 34 6.6:107" 83.42 16.58
40 11.80 88.20 82.10° 17.90 13.34 86.66
50 2,74 97.26 49,15 50.85 3.22 96.78
60 1.05 98.95 25.49 74.51 1,12 98.88
70 530107 9947 15.39 84.61 6.0-10"" 99.40
80  3.201107"  99.68 9.75 90.25 3.6:107 99.64
90  2.00.107  99.80 6.44 93.56 2.3-107 99.77
100 1.40-107  99.86 4.60) 95.40 i.6107 99.84
200 2.00:07°  99.98 7.2-107 Y928 2.0-107 99.98
300 1.00:107°  99.99 3.2:107 99 68 1.0-1007" 99.99

4. By examlmng the values in Table 3 it becomes quite clear that at low tem-
peratures Tiph, Npredommates over ”cgph u below certain temperature (about 35K),
and the opp051te is true above that temperature. In other words ’rqth decreases
with increasing temperature, an opposite trend is shown for ‘cgph v with tempera-
ture. Meanwhile, one can conclude that at low temperatures the most of the heat
is transported by phonons which conserve momentum, while at high tempera-
tures the role of those phonon processes which do not conserve momentum in the
lattice thermal resistivity becomes predominant. It is of interest that the results
are similar to those obtained by previous workers [10, 13—16]. Table 3 shows
zero percentage contribution due to U-process at very low temperatures. In fact,
it is not zero, but the value is so small that it can be considered zero.

5. The data in Tdble 4 clearly indicate that at temperdtureq just above the con-
ductivity maxima T predorainates over 75 and 1, for both the polarization
branches of phonons, which reflects the effectiveness of the phonon—phonon
scattering in the thermal resistance at high temperatures. At the same time, at
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. . S — -1 .
Table 4 The percentage contributions of '1:3;h ™ 3;,“ (class I+class I, 1y, and 173;,1_,_:” lo the
combined scatiering relaxation rate T Tand T, z for m=a,

~1 —1

T! Toon Ter 3ph L'IT 3ph,I.,{ T:x. Tt Tl
K %
2 1.25-1¢67° 1.72-1072 2.05-107 1.70:1072
4 2.00-107 3.58-1077 1.64-107 341107
6 1.01-10™ 5.67-107 5.53-107 5121072
8 3.47-107" 8.14-107 131107 6.83-1072
10 8.45107" 110-107! 2.56-107 8.53-107
20 12.00 3.74107" 2.04-107 1.70-107
30 45.49 9.94-107" 6.90-107" 3.04-107"
40 54,27 4.37 1.91 2.46
50 53.32 16.81 5.42 11.38
60 54.13 38.80 12.68 26.12
70 53.29 61.00 22.28 38,71
80 55.48 76.49 31.67 44.82
90 56.94 86.21 39.96 46.25
100 59.41 91.61 46.84 44.76
200 80.87 98.63 0.823 97.80
300 89.59 99.59 0.133 99.46

temperatures below the conductivity maxima, one can see an opposite behaviour
of the percentage contribution and it can be said that the lattice thermal resistiv-
ity is mainly due to scattering of phonons by boundary and point defects. The
same behaviour was also observed by Awad and Dubey [13]in the lattice thermal

(‘nnductr\ntv of MO’«GP ﬂnd MU!\Q] hased nn th‘ er‘qﬂnmng relaxauon appruabh

From Table 4, it is obvious that T3pn. for class I1 events, dominates over Tinh1. for
class I events, but in the meantime at the conductivity maxima {10<7<40 K) an
opposite behaviour is shown.

6. In conclusion, the present investigation provides an account of the effect of

temperature dependent Debye temperature 8,(7) on the lattice thermal conduc-
tivity of Si.
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